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Abstract. A mixed Dirichlet—-Neumann problem is regularized with a family of singularly
perturbed Neumann—Robin boundary problems, parametrized by € > 0. Using an asymptotic devel-
opment by Gamma-convergence, the asymptotic behavior of the solutions to the perturbed problems
is studied as € — 07, recovering classical results in the literature.
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1. Introduction. Mixed Dirichlet—Neumann boundary value problems arise nat-
urally from a wide range of applications. Examples are the problem of a rigid punch
or stamp making contact with an elastic body (see [13], [14], [32], and the references
therein), the steady flow of an ideal inviscid and incompressible fluid through an aper-
ture in a reservoir (see [30], [32], and the references therein), as well as free boundary
problems (see, e.g., [1]).

The prototype for this kind of problem is given by

Aug = f in Q,
(1.1) Oyug =0 on 'y,
ug =g on I'p,

where 2 C RY is an open set with sufficiently smooth boundary and I'p,I'y are
disjoint sets such that o
0N =TpUTly.

It is well known (see [17], [20], [22], and [28]) that solutions to mixed boundary
problems are in general not smooth near the points on the boundary of the domain
where two different conditions meet. Indeed, when N =2 in (1.1), f =0, g =0, and
Q) is given in polar coordinates by

{(r,0) :r >0,0 <0 <7},
the function S: Q — R given in polar coordinates by!

(1.2) S(r,0) = r'/%sin (0/2)

*Received by the editors October 5, 2018; accepted for publication (in revised form) May 15, 2019;
published electronically August 21, 2019. This paper is part of G. Gravina, Variational Techniques
for Water Waves and Singular Perturbations, Ph.D. thesis, Carnegie Mellon University, Pittsburgh,
PA, 2019.

https://doi.org/10.1137/18M 1219084
Funding: The work of the authors was partially supported by the National Science Foundation
grants DMS-1412095 and DMS-1714098.

TDepartment of Mathematical Analysis, Faculty of Mathematics and Physics, Charles University,
Prague, Czech Republic (gravina@karlin.mff.cuni.cz).

fDepartment of Mathematical Sciences, Carnegie Mellon University, Pittsburgh, PA 15213
(giovanni@andrew.cmu.edu).
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is a solution to (1.1), where I'p and 'y correspond to the positive real axis and the
negative real axis, respectively. However, S fails to be in H? in any neighborhood of
the origin.

In dimension N = 2 it turns out that functions of the type (1.2) completely
characterize the behavior of solutions to (1.1). Indeed, we have the following classical
result (see [17], [20], [22], and [28]).

THEOREM 1.1. Let N = 2, and let ) be an open, bounded, and connected subset
of R? with 0Q of class CY''. Assume that T'p and T'y are nonempty, relatively open,
and connected subsets of OS2 with

8Q:SUH and Sﬂm:{wl,wz},

and that 0Q N By(x;) is a segment for ¢ = 1,2 and for some 0 < p <
min{1, |&; — ®a|/2}. Let f € L*(Q), g € H¥?(09Q), and let u € H'(Q) be a weak
solution to (1.1). Then u admits the decomposition

2
U = Ureg + § i Si,
=1

where Ureg € HQ(Q) and the c¢; are coefficients that only depend on u. The singular
functions S; are given by the formula

Si(ri 0:) = @(ri)ry’? sin(6;/2),
where (r;,0;) are polar coordinates centered at x; such that

QﬂBp(wi): {wi+(ri,0i):0<ri <p,0<9i<7r},
I'pNBy(x;) = {x;+ (r,0): 0 <7 < p},

and ¢ € C*°([0,00)) is such that g = 1 in [0,p/2] and = 0 outside [0,p]. Fur-
thermore, there exists a constant c, which only depends on the geometry of Q, such
that

2

l[uregll mr2(02) + Z leil < e (1 fllz2) + N9l marzo0) -
=1

An approach that often proved to be successful for the study of ill-posed problems
and, in general, for problems that present singularities of some kind, is to consider
a small perturbation, typically chosen with an opportunely regularizing effect, and
then carry out a careful analysis on the convergence of solutions of the regularized
problems to solutions of the original one. This procedure often requires one to prove
estimates that are independent of the parameter of the regularization. We refer to
the classical monograph of Lions [26] for more details.

The aim of this paper is to regularize problem (1.1) by introducing a family of
mixed Neumann-Robin boundary value problems parametrized by € > 0. To be
precise, we consider

Au., = f in Q,
(1.3) Oyue: =0 on I'y,

edyue +u. =g on I'p.
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The convergence of solutions to (1.3) to solutions of (1.1) has been studied by
Costabel and Dauge in [13] using classical PDE expansions (see [26]), who proved the
following result.

THEOREM 1.2 (Costabel-Dauge). Let N = 2, Q be as in Theorem 1.1, f =0,
g € H'T(T'p) for some § > 0, and let u. and ug be solutions to (1.3) and (1.1) (with
f=0), respectively. Then

llue — uollL2(0) = O(eloge),
11
(1.4) Hus — UQ||H1+3(Q) = (9(61/2_5) fO’I‘ ENS <— > s

22
(1'5) H(us - uO)IpD HLQ(FD) = 0(5\/ |1Og5|)'

Moreover, these estimates cannot be improved in general.

We refer to [13] for the precise statement in the case f # 0. This problem was also
previously considered by Colli Franzone in [10], where the author proved estimates
on the difference u. — ug in certain Sobolev norms (see also the work of Aubin [4] and
Lions [26]).

The question of convergence of solutions to the family of problems (1.3) to the
solution to (1.1) is of significance for the numerical approximations of (1.1). We refer
to [5], [9], [14], [11], [12], and the references therein for more information on this topic.

In this paper we present an alternative proof of the estimates (1.4) with s = 0 and
(1.5) using the variational structure of (1.3). Indeed, solutions to (1.3) are minimizers
of the functional

(1.6) /Q (%|V’U|2 + fv) dx + 2%/% (v—g)?dH', ve HY Q).

Thus a natural approach is to use the notion of Gamma-convergence (I'-convergence
in what follows) introduced by De Giorgi in [18] (for more information, see also [7]
and [15]).

We recall that given a metric space X and a family of functions F.: X — R,
e > 0, we say that {F.}. I'-converges to Fo: X — R as ¢ — 07, and we write

Fe L Fo if for every sequence &,, — 07 the following two conditions hold:
(1) liminf inequality: for every x € X and every sequence {x,}, of elements of
X such that z,, — =z,

liminf F., (z,) > Fo(z);

n—oo

(73) limsup inequality: for every x € X, there is a sequence {x,}, of elements of
X such that z,, — z and

limsup F¢, (z,,) < Fo(x).

n—oo

A sequence {z,}, as in (i¢) is called a recovery sequence for x. Moreover, we say that
the asymptotic development by I'-convergence of order k,

Fe=Fo+wi(e)F1+ - +wi(e)Fk,
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holds if there are functions F;: X - R, i =0,...,k, such that F. EN JFo and for i > 1

wi—1(e) o -
oiE) = F;

FO = (]—'E(i*l) —inf{Fi_1(z) 12 € X})

where ]-'5(0) = F.,wo =1, and, for i > 1, w;: Rt — R7T is a suitably chosen function
such that both w; and w;/w;_1 converge to zero as ¢ — 0. We remark that for
w;(g) == €* one has the standard power series asymptotic development

Fe=Fo+eFi+ - +e"F.

We refer to [2] and [3] for more informations on asymptotic developments by I'-
convergence, and to [8] for information on asymptotic expansions by I'-convergence.

The powerfulness of asymptotic developments by I'-convergence has been shown in
the recent papers [16], [24], [25], and [31], where the authors completely characterized
the second order asymptotic development of the Modica—Mortola functional and used
it to obtain new important results on the slow motion of interfaces for the mass-
preserving Allen—Cahn equation and the Cahn—Hilliard equation in higher dimensions.

In this paper we consider the I'-convergence of the functionals (1.6) with respect
to convergence in L%({2), and thus we define F.: L?(Q2) — (—oo, o0] via

1 2 i _ 2 1 - 1
(1.7) Fe(v) = /9(2|VU| +fv) dw+2€ FD(U g)°dH" ifve HY(Q),

+00 otherwise.

We begin by studying the I'-convergence of order zero of (1.7).

THEOREM 1.3 (zeroth order I'-convergence). Let Q C RN be an open, bounded,
connected set with Lipschitz continuous boundary, and let T'p C 02 be nonempty and
relatively open. Assume that f € L*(Q) and g € HY?(0Q). Then the family of
functionals {F.}. defined in (1.7) T-converges in L*(2) to the functional

1
/ <—|Vv|2 —|—fv> de ifveV,
(1.8) Folv) =={ Ja \2
400 otherwise,
where
. ={v e cv=g onlp}.
1.9 1% HY(Q r

Since the first asymptotic development by I'-convergence of (1.7) strongly relies
on Theorem 1.1, in what follows we assume N = 2. We begin with a compactness
result.

THEOREM 1.4 (compactness). Let N =2, Q be as in Theorem 1.1, f € L*(Q),
g € H32(0%), F. and Fy be the functionals defined in (1.7) and (1.8), respectively,
and define

F- — min Fy

1.10 F =
(1.10) © ellog e

If e, — 0 and v, € L*(Q) are such that

sup{fs(i) (vp) :n € N} < o0,
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then there exist a subsequence {vn, }x of {vn}n, ro € HY(R), and vo € L*(T'p) such
that

(1.11) O ZH0 Ly i HY(9),
V Enk|10g8nk|
(1.12) U Z80 L4y in LA(Tp),

EngV/ [ logen, |

where ug is the solution to (1.1).

THEOREM 1.5 (first order I'-convergence). Under the assumptions of Theorem
1.4, the family {]-}(1)}5 I'-converges in L?(Q) to the functional

2
1
—§Zc§ if v = uo,
i=1

400 otherwise,

(1.13) Filv) =

where the coefficients ¢; = c;(ug) are as in Theorem 1.1. In particular, if uc € H'(Q)
is a solution to (1.3), then

(1.14) Fe(ue) = Folug) + €| loge| Fi(ug) + o (g|logel) -

To characterize the second order asymptotic development by I'-convergence of the
family of functionals {F;}., we introduce the auxiliary functional

(1.15) Ji(w) = /R2 |Vw(x)|? de + /01 (w(x,0)2 - cia:_l/Qw(x,O)) dx

+ /100 (w(x,O) - %x_l/Q)z dx

defined in
(1.16) H:={we HL (R%) : w e H'(B}(0)) for every R > 0},
where w(-,0) indicates the trace of w on the positive real axis. Let?
(1.17) A; = inf{T;(w):w e H},

1 [7 _1/a—(i
(1.18) B; = 5/ o(ri)r; UQ&,UQCg( )(ri,O) dr;,

0

1 /1
(1.19) C, = _/ (1 - g(x)?) 2~V da,

8 p/2

- 1_ -

(1.20) Dilrs) = 5p(rir; 2.

As shown in Proposition 4.4, there exists w; € H such that J;(w;) = A;, and thus w;
satisfies

Aw; =0 in R%,
(1.21) dyw; =0 on (—00,0) x {0},
O,w; +w; = %33_1/2 on (07 OO) X {O}

2In what follows, given a function v = v(x), we denote by #' the function o(® (ri,0;) =
v(x; + r;(cos 0;,sin6;)), for polar coordinates (r;,0;) given as in Theorem 1.1.
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Observe that if ¢; = 0 then J; > 0 and so w; = 0 and A; = 0. Finally, let u; € H*(2)
be the solution to the Dirichlet—Neumann problem

Au; =0 in Q,
(1.22) Oyur =0 on I'y,
up = —8,,u99g onI'p.

THEOREM 1.6 (compactness). Let N =2, Q be as in Theorem 1.1, f € L*(Q),
g € H32(0Q), Fo, Fo. FV, Fi, T be as in (1.7), (1.8), (1.10), (1.13), and (1.15),
respectively, and define

(1) . .
— min F F. — min F .
(1.23) P = g = e [leselmin .

If e, — 07, w, € L?(Q) are such that
sup{}'s(z)(wn) :n € N} < o0,
and W, ,, € H is defined as

(rien, 0;) — ﬂéi) (rien, ;) — 6nﬁ§i) (rien, 0;)

NG

for (r;,0;) polar coordinates as in Theorem 1.1, then there exist a subsequence
{wny b of {wn}n, wo € HY(Q) and qo € LE (Up) such that

] e
(124) Wiﬂl(ria 97,) = @(rign)

(1.25) Uny U0 ZEmtl i HY(Q),
e
2 2
(126) e U0y, —Zci¢i[1_XB @] = QO—ZCNM in L*(Tp),
Eni i=1 e i=1

where ; is the function given in polar coordinates by (1.20) and uy is the solution to
(1.22). Furthermore, for every R >0,

(1.27) Wine = W; in H'(B%(0)), VW, — VW, in L*(R};R?)),

(1.28) Wi n, (-,0) = W;(-,0) in L*((0,1) x {0}),
(1.29) Wi, (-,0) — %x—l/z Wi+, 0) — %x_1/2 in L2((1,00) x {0}),

for some W; € H such that J;(W;) < oo, where W; », (-,0) and W;(-,0) indicate the
trace of Wi n, and W; on the positive real azis.

THEOREM 1.7 (2nd order I'-convergence).  Under the assumptions of Theo-
rem 1.6, the family {.7-"5(2)}5 I'-converges in L*(Q) to the functional

Z?:l (% + Bici + O@sz) - %fFD (8Vu£)eg)2 dHl va = Uo,
Fo(v) =
400 otherwise,

where the numbers A;, B;, and Cy, are defined in (1.17), (1.18), and (1.19), respec-
tively. In particular, if u. € HY(Q) is a solution to (1.3), then

(1.30) Fe(ue) = Folug) + €|loge| Fi(ug) + eFa(ug) + o(e).
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As a consequence of our results, we obtain an alternative proof of the sharp
estimates (1.4) for s = 0 and (1.5) in Theorem 1.2. Indeed, we have the following
theorem.

THEOREM 1.8. Let N = 2, Q be as in Theorem 1.1, f € L*(Q), g € H3/?(0%),
and let ue and ug be solutions to (1.3) and (1.1), respectively. Then

(1.31) Jue = wollr2rp) = O (=y/Tloge])
(132) ||V(u€ - UO)”L2(Q;R2) =0 (61/2) .

In contrast to the work of Costabel and Dauge [13], our results rely on the vari-
ational structure of the mixed Neumann-Robin problem (1.3), rather than the PDE.
In particular, the compactness results in Theorems 1.4 and 1.6 are valid for energy
bounded sequences and not just for minimizers, and thus are completely new. A key
ingredient in the proof of compactness is the following Hardy-type inequality on balls
due to Machihara, Ozawa, and Wadade (see Corollary 6 in [27]).

THEOREM 1.9. Let Br(0) be the ball of R? with radius R > 0 and center at the
origin. Then

1/2

1/2
2
/ h(-’B) 5 dx < Q </ h(a})2 dw)
Br(0) |£IZ|2 (1+10g ER\) R Br(0)

+2(1+V2) </ ( z
Br(0)

Vh(x)

5 1/2
Bl dx
@] )
for every h € H*(Bgr(0)).

We remark that our results rely heavily on the decomposition of Theorem 1.1
and on the Hardy-type inequality (Theorem 1.9) and thus hold only for N = 2. The
extension to dimension N > 3 seems to be highly nontrivial and, in particular, the
correct scalings in the asymptotic development by I'-convergence are not clear and
may depend in a significant way on the geometry of the domain (see, for example,
[29] for a discussion on the mixed Dirichlet—-Neumann problem in a three-dimensional
dihedron).

It is also important to observe that the asymptotic development by I'-convergence
leads naturally to the asymptotic expansion of the solutions u. to (1.3), and does not

require an a priori ansatz of this expansion. Thus it could be applied to a large class
of problems, including the p-Laplacian mixed problem

div(|Vuo|P~2Vug) = f in €,
|Vuo|P~20,u9 =0 on 'y,

ug =g onI'p.

In the seminal paper [6], Berestycki, Caffarelli, and Nirenberg considered the family
of elliptic equations

(1.33) Lu. = Be(ue)
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to approximate (as ¢ — 07) a one-phase free boundary problem. Here the family
{Bc}< is an approximate identity and the term S (u.) is nonzero only for values of u.
less than e. In particular, the region {u. < €} can be thought of as an approximation
of the free boundary of the solution to the limiting problem. One-phase free boundary
problems with mixed boundary conditions are strongly related to problems arising in
fluid dynamics (see [19]). Our original motivation for this paper was the study of the
regularized problem

Au, = %BE(UE)Q2 n Q,
Oy =0 on I'y,
g0 +us =g on I'p,

where {f.}- is a family of approximate identities as in (1.33) and @ is a nonnegative
function in L (). Solutions u. of this problem converge to a solution u of the
one-phase free boundary problem

Au=0 in €,

u=0, [Vu| =@ on QN d{u > 0},
Ou=0 on 'y,

u=gqg onI'p.

The asymptotic development by I'-convergence of the corresponding family of func-
tionals

/ (Vo + B.(v)Q?) da + - / (w—g2dHN"Y, ve H\(Q)
Q € Jrp
is ongoing work. Here B is a primitive of ..

Our paper is organized as follows: in section 2 we study the minimization problem
for the functional (1.3) and prove Theorem 1.3. As a consequence, in Corollary 2.4
we show that there exists a unique variational solution to the problem (1.1). Section
3 is devoted to the study of the simpler case in which I'p = 91, so that (1.3) reduces
to

Au. = f in Q,
(1.34)
edyue +u. = g on ON).

Under suitable regularity assumptions on the set {2, we characterize the complete
asymptotic development by I'-convergence of {F.}., still defined as in (1.7), but with
I'p replaced by 09 (see Theorems 3.2, 3.4 and 3.6). In Corollaries 3.5 and 3.7 we
address the question of the convergence of u, to ug, i.e., the unique variational solution
to the Dirichlet problem

Aug = f in Q,
(1.35) o=/
up = ¢ on ON).

To be precise, we show that the asymptotic expansion

o0
Ue = g U;
i=1
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holds, where for every ¢ € N the function u; is a solution to the Dirichlet problem

Aui =0 in Q,
u; = —0y,u;_1 on O0f.

We remark that Corollary 3.7 fully recovers the results of Theorem 2.3 in [13] and that
the auxiliary problems for u; arise naturally during the study of higher order I'-limits
of F. (see, for example, the proof of Theorem 3.4). The case of a Robin boundary con-
dition that transforms into a Dirichlet boundary condition for a Helmholtz equation
was considered by Kirsch in [21]. In section 4 we prove our main results. In section 5
we recast these results in a more general framework by decoupling the different scales
in the asymptotic expansion of u..

2. Gamma-convergence of order zero and global minimizers. Through-
out the section we study the mixed problem (1.3) and the associated minimization
problem under the following assumptions on the set 2 and on I' p, namely, the portion
of the boundary where the Robin boundary condition is imposed:

(i) 2 is an open, bounded, and connected subset of RY;
(2.1) (i) 092 is Lipschitz continuous;

(iii) T'p is a nonempty and relatively open subset of Jf).

Furthermore, define I'y := 9Q\I'p. Notice that for the purposes of this section we
do not assume that 'y # ); analogous results hold (with trivial changes) if 'y = (0.

THEOREM 2.1. Let Q be as in (2.1), f € L*(Q), g € L?(09), and € € (0,1).
Then the functional F., defined as in (1.7), admits a unique minimizer u. € H*(2).
Furthermore, ue is a weak solution to the mized Neumann—Robin problem (1.3).

The proof of Theorem 2.1 is based on the following well-known result.
LEMMA 2.2. Let Q be as in (2.1) and for u € H(Q) set

1/2
(2.2) lell sy = (IVul3z@n + lula,) -

Then ||l 1 oy defines a norm on HY(Q) that is equivalent to the standard norm, i.e.,
there are two constants k1, ks, which only depend on the geometry of Q and I'p, such
that for every u € HY(Q),

“1|||U|||H1(Q) < lullare) < /€2|||“|||H1(Q)'

Proof of Theorem 2.1. By Holder’s inequality, we have that for every ¢ € (0,1)
and for every u € H(Q),

1 1
(2.3) Fe(u) = §HVU||2L2(Q;RN) — Iz llullz2@) + 5llu— 9ll72rp)-
Young’s inequality then implies
(2.4) lu=glliaw,) = lullZawp) + I9lZaw,) = Q/F ug dHN !
D
1
2 5”“”%2(%) —7lgllZ2(rp)
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and, thus, combining the estimates (2.3) and (2.4) with Lemma 2.2, we obtain

1 2 7
Fe(w) = Zlulli @) = m2ll flle2o llulln @) = 519y

In turn,
inf{F.(u) :e€(0,1),u € L*(N)} > —c

and for every ¢ € (0,1) the functional F; is coercive. Since F is lower semicontinuous
with respect to weak convergence in L?((), the existence of a global minimizer u.
follows from the direct method in the calculus of variations and the assertion about
uniqueness is a consequence of the strict convexity of the functional F.. Moreover,
one can check that u. is a weak solution to (1.3) by considering variations of the
functional F.. We omit the details. 0

PROPOSITION 2.3 (compactness).  Under the assumptions of Theorem 1.3, if
en — 07 and u,, are such that
sup{Fz, (un) : n € N} < o0,

then there exist a subsequence {un, }r of {tn}n, u €V and v € L*(T'p), such that

Up,, = u in HY(Q),
—1/2

Enr (Up, —g) = v in L2(1"D).

Proof. Let M = sup,, F., (u,) and assume without loss of generality that e; < 1.
Reasoning as in the proof of Theorem 2.1, by Holder’s inequality we see that

1 1
(2.5) M > §||Vun||2L2(Q;RN) ~ 2@ llunllza) + 5~ llun — 9ll72(rp)

for every n € N. Young’s inequality, together with the fact that ¢, < 1, then implies
that

1 1 1
(2.6) Eﬂun =gl 72rp) > ZH% — 9l 72rp) + Eﬂun —ll72rp)

1 7 1
2 gHunH%z(rD) - ZHQH%%FD) + Eﬂun — 9llT2(rp):
and thus, combining the estimates (2.5) and (2.6) with Lemma 2.2, and using the
notation (2.2), we arrive at

1 ) 7 1
M 2 Sllunlla @) = w2l fllz@ llunll g @) = 7191Z200) + 1, lun = 9llZ2rp)-
Consequently, we have that {uy}, is bounded in H*(Q2) by Lemma 2.2 and, further-
more, {n, */*(tn — g)}» is bounded in L2(I'p). Hence there are functions u € H'(1),
v € L*(I'p), and a subsequence {uy, }x of {u,}, as in the statement. To conclude we
notice that u, — g in L?>(I'p), and so u € V. O

Proof of Theorem 1.3. Let €, — 07 and {u,}, be a sequence of functions in
L?(Q) such that u,, — w in L*(Q). If liminf,, e Fe, (un) = oo there is nothing to
prove. Hence, up to the extraction of a subsequence (not relabeled), we can assume
without loss of generality that

liminf F;, (un,) = lim F. (uy,) < co.

n—r oo n— oo
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In particular, F., (uy) < oo for every n sufficiently large. Let {uy, }» and u be given
as in Proposition 2.3, then

1
liminf F. (un,) > 1iminf/ (—|Vunk|2—|—funk> dx
k—o0 k k—oo Jo 2

1
> —/ |Vu|2dsc+/fudw:}'0(u).
2 Ja Q

On the other hand, for every u € L*(Q2), the constant sequence u,, = u is a
recovery sequence. Indeed, F., (u) = Fo(u) for every u € V, while if v ¢ V then
Fo(u) = oo and hence there is nothing to prove. O

COROLLARY 2.4. Under the assumptions of Theorem 1.3, if e, — 07 and {un}n
is a sequence of functions in L*(Q)) such that
limsup F., (u,) < inf {Fo(v) :v € L*(Q)},
n—oo

then w, — ug strongly in H'(Q), where ug is the unique global minimizer of Fo. In
particular, global minimizers u., of Fe, converge in H'(Q) to uo.

Proof. Since g € HY?(0Q), by standard trace theorems (see Theorem 18.40 in
[23]) the space V defined in (1.9) is nonempty. In turn, the strictly convex functional
Fo given in (1.8) admits a unique minimizer uo which is a weak solution to (1.1). Let
{un}n be a sequence of functions in L2(£2) such that
(2.7) limsup F¢, (un) < Folug)-

n—oo
Given a subsequence {e,, }i of {e,,}n, by Proposition 2.3 we can find a further sub-
sequence {unkj }; and vy € V such that Uny,, — V0. By I'-convergence

Folup) > timsup o, (t, ) > Fovo),

j—oo J

which in turn implies that vy = ug. Hence the full sequence {u,, },, converges in L?(Q)
to ug. Moreover, by (2.7)

1
Fo(up) > limsup Fe, (un) > limsup/ <§|Vun|2 + fun) dx
Q

n— 00 n— 00

Y

n—oo 2

1
hminf—/ |Vun|2dm+/fuodcc2]-"o(uo),
Q Q

and so

lim / |V, |? de = / |Vug|* de.
By the strict convexity of the L2-norm it follows that Vu,, — Vug in L2(;RY). O

3. A problem without singularities. Following Costabel and Dauge [13], in
this section we will be concerned with the study of the easier case of the nonmixed
problem (1.34); to be precise, it is assumed throughout the section that I'p = 9. Un-
der this additional assumption we prove asymptotic developments by I'-convergence
of all orders for the family of functionals {F.}. and deduce a complete asymptotic ex-
pansion for u., i.e., the solution to (1.34) (see Theorem 2.1). Throughout the section,
we will make the following assumptions on the set €2

(3.1) Q is an open, bounded, and connected subset of RY.
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3.1. The nonmixed problem: I'-convergence of order one. In this section
we prove a first order asymptotic development for F.. We begin by studying the
compactness properties of sequences with bounded energy.

PROPOSITION 3.1 (compactness). Let Q be as in (3.1) with 9Q of class C1,
f e L*Q), g € H¥2(09Q), F. and Fy be the functionals defined in (1.7) and (1.8)
(with Tp = 09), respectively, and define

F. — min Fy

(3.2) FY = -

If e, — 07 and v, € L*(Q) are such that
sup{fs(i) (vn) :n € N} < o0,

then u, — ug in H'(Q) and there exist a subsequence {vn, }x of {vn}n, 10 € H(Q),
and vy € L?(0Q) such that

D — 00 sy in HY(Q),
Eny,
(3.3) W
T2 s in L2(09Q),
Eng

where ug is the solution to (1.35).
Proof. 1f we let M = sup{FL) (v,) : n € N}, then Fx(v,) < Fo(ug) + £, M. On
the other hand,
liminf F,, (vy) > Fo(uo)

n—00

by Theorem 1.3 and, in turn, v, — ug strongly in H'(Q) by Corollary 2.4.

For every n € N, let r,, € L?(Q) be such that v,, = ug + ,7,. Then fs(i)(vn) can
be rewritten as

0 1 B
(3.4) fgy(vn):/ (Vuo-Vrn+E—|Vrn|2+frn) dm+—/ r2 dHN 1L,
Q 2 2 o0

Since 99 is of class OV, f € L?(Q), and g € H?/?(99), by standard elliptic regularity
theory for (1.35), ug € H?(2) (see Theorem 2.4.2.5 in [20]) and by an application of
the divergence theorem we have

(3.5) / (Vug - Vry + frp) de = | Oyugr, dHN 1.
Q o

Substituting (3.5) into (3.4) we arrive at
n 1 _
(3.6) M > FV(v,) = 5—/ |Vrn|2dw+/ —r2 4 dyupry, | dHN !
" 2 Jo o0 \2
En 9 1 2 2 N-1
=5 [1npde s [ 00+ 000)° - @] an

o0

and (3.3) is proved at once. O

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/30/19 to 195.113.31.3. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

GAMMA-LIMITS FOR DIRICHLET-NEUMANN PROBLEMS 3349

THEOREM 3.2 (first order I'-convergence). Under the assumptions of Proposi-
tion 3.1, the family {]-'5(1)}5 I'-converges in L?(Q) to the functional
1

—= | (Byuo)® dH NV if v = uo,
(3.7) Fi(v) = 2/39( wo)” AT A =

+00 otherwise.

In particular, if u. € HY(Q) is the solution to (1.34), then
(3.8) Felue) = Folup) +eFi(uo) + o (e).

Proof. Let €, — 07 and {v,}, be a sequence of functions in L?(Q2) such that
vy, — v in L2(£2). Reasoning as in the proof of Theorem 1.3, we can assume without
loss of generality that

hmlnff(l)( n) = lim f(l)(vn) < 00.
n—oo n—oo

In particular, féi)(vn) < oo for every n sufficiently large. Let {v,, }x be as in Propo-
sition 3.1. Then v,, — uo in H'(2) and from (3.6) we deduce that

1
lim inf 7 (v,,) > ——/ (Byuo)? dHN Y = Ty (ug).
n— 00 2 Jaq

On the other hand, for every v € L?(Q2) \ {uo} the constant sequence v,, = v is
a recovery sequence. If now v = ug, since by assumption d,uy € HY?(99Q), we can
find w € HY(Q) such that w = —d,ug on 9, where the equality holds in the sense of
traces. Set v, = ug + e w. Then v, — ugp in H'(Q) and again from (3.6) it follows
that

lim F, 1)( = hm —/ |Vw|? dz — —/ (Byu0)” dHN 1 = Fi(uo).

This concludes the proof of the I'-convergence. The energy expansion (3.8) follows
from Theorem 1.2 in [2]. O

3.2. The nonmixed problem: I'-convergence of order two. In this section
we prove a second order asymptotic development for F.. As is customary, we begin
by investigating the compactness properties of sequences with bounded energy.

PROPOSITION 3.3 (compactness). Let Q be as in (3.1) with 9Q of class C*1,
fe L), g € HY20Q), F., Fo, FV, and Fi be as in (1.7), (1.8), (3.2), and
(3.7), respectively, and define

F@) .7-'5(1) — min JF; _ Fe — min Fy — gmln}'l
€ 3 e?
If e, — 0% and wy, € L*(Q) are such that

sup{}"a(i)(wn) :n € N} < o0,

then wy, — ug in HY(Q) and there exist a subsequence {wy, }r of {wn }n, wo € H(Q),
and qo € L%*(0Q) such that

W — Y0, wo in HY(Q),
Eny,
W, — Uy + En, g .
- 373 - —qo in L*(0%),

En
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where ug is the solution to (1.35). In particular, wy = —0,ug on 9 in the sense of

traces.

Proof. By Corollary 2.4, we deduce that w,, — ug in H'(Q). For every n € N, let
rn € L2(Q) be such that w,, = ug + €,7,. Then Fs(z)(wn) can be rewritten as

1 1
(3.9) FO(w,) = / V2 da+ —— [ (rn + Oyu0)? dHY L.
" 2 Q 2En 80

We then proceed as in the proof of Proposition 2.3 with f =0, g = —d,ug, and r,, in
place of wu,,. 0

THEOREM 3.4 (second order I'-convergence). Under the assumptions of Propo-
sition 3.3, let u; € HY(Q) be the unique solution to the Dirichlet problem

Aup =0 in Q,

u1 = —0,ug on O0f.

Then the family {.7-'5(2)}5 ['-converges in L*(Q) to the functional

1

—/ |Vuq|? dz if v = uy,
Fo(v) = 2 Ja

+00 otherwise.

In particular, if u. € HY(Q) is the solution to (1.34), then
(3.10) Felue) = Foluo) + eFi(uo) + e Falug) + o (7).

Proof. Let &, — 07 and {w,}, be a sequence of functions in L?(Q2) such that
wy, — w in L?(Q). Reasoning as in the proof of Theorem 1.3, we can assume without
loss of generality that

liminf}'a(z) (wp) = lim féz) (wp) < 0.

n—00 n—oo
In particular, .7-}(3) (wy) < oo for every n sufficiently large. Let {wy, }x and wg be as

in Proposition 3.3. Then w,, — ug in H!(Q2) and from (3.9) we deduce that

k—o0

1 1
liminf]-"s(fi(wnk)z 1ikn_1>ioro}f§/ﬂ|vrnk|2dm2 5/Q|vwo|2dac

vV

inf{%/ |Vp|2dx :p e H'(Q), p= —0,uo on 89}
Q

1
=5 [ IVusl dw = Fa(uo).

2 Ja

We remark that the function u; exists (and is unique) by an application of Corol-
lary 2.4.

On the other hand, for every w € L?(Q2) \ {uo} the constant sequence w,, = w
is a recovery sequence. As one can check from (3.9), w, = ug + e,u; is a recovery
sequence for ug. This concludes the proof of the I'-convergence. The energy expansion
(3.10) follows from Theorem 1.2 in [2]. O
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COROLLARY 3.5. Let Q be as in (3.1) with O of class C*1, f € L?(Q), g €
H3/2(0Q), and let u. and ug be solutions to (1.34) and (1.35), respectively. Then
there exists a constant ¢ > 0, independent of €, such that

ue — uoll i) < e (I1flz2) + 9l aer2(00)) -

llue — uo + sauuolle@Q) < c®/? (||f||L2(Q) + Hg||H3/2(BQ)) .
Proof. If we let w, := ug + €uq, for vy as in Theorem 3.4, then
Fe(we) = Fo(uo) + eF1(uo) + e Falug)
and from the minimality of u. we deduce

.FE(UE) < .Fo(’do) + 6.7:1(110) + 82.7:2(11,0).

Writing 7. = #<—=¢ expanding, and rearranging the terms in the previous inequality
we arrive at

1 9 1 2 N-1 e 2
(3.11) = [ |Vre|?de + — (re +edyug)” dH < — [ |Vu|® de.

2 Q 2e a0 2 Q

Since 99 is of class C, f € L?(), and g € H3/2(09), by standard elliptic estimates
(see Theorem 2.4.2.5 in [20]) the solution ug € H'(£2) to the Dirichlet problem (1.35)
belongs to H2(§)) with

luoll 2y < k1 (I1fllL2) + gl mor2q)) -

In turn, by standard trace theorems (see Theorem 18.40 in [23]), we have that d,ug €
H'2(99), and so there is a zo € H*(Q) such that zg = —d,ug on 9§ in the sense of
traces and

20l () < k2llduoll grrzia0) < kslluollaz) < ¢ (1fl2@) + 19l mereq)) -

Since u; € H(Q) is a minimizer of

v / |Vo|? dae
Q
over all functions v with v = —9,ug on 92, we have that

[Vuill2ryy < V2ol L2irny < ¢ (1f L2 + l9llmez@)) -
The previous estimate, together with (3.11), gives the desired result. d

3.3. The nonmixed problem: I'-convergences of all orders. In this section
we prove asymptotic developments by I'-convergence of any order for F. and derive
asymptotic expansions for u., i.e., the solution to (1.34).

THEOREM 3.6. Given k € N, let j € N be such that k = 2j — 1 or k = 25, Q

be as in (3.1) with OQ of class CI1, f € L*(Q), g € HY?T(09Q), and for every
me{1,...,5} let u,, € HY(Q) be the solution to the Dirichlet problem

Auy, =0 in Q,
(3.12)

Uy, = —OpUp_1 on O,
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where ug is the solution to (1.35). Let f§k+1) be defined recursively by

FE — Fuluo)

3

FUHD — .

where .7-}(1) is given as in (3.2) and the functionals F;, fori € {1,...,k+1}, are given
by
1 2 N—1 -
——/ (Opu)” dH if v = up,
Fomt1(v) = 2 Joo

400 otherwise,

and
1
+—/ |V, |?dx if v = uo,
Fom(v) =4 2/

+00 otherwise.

Then the family {Fs(i)}s I'-converges in L?(Q2) to the functional F; for every i €
{2,...,k+1}. In particular, if u. € H*() is the solution to (1.34), then

k+1

Folus) = 3 & Fi(ug) + o0 (1) .
1=0

Proof. Notice that for kK = 1 we have that j = 1 and so the statement reduces to
the one of Theorem 3.4. The result for £ > 2 follows by induction from arguments
similar to the ones of Theorems 3.2 and 3.4 (depending on the parity of k). We omit
the details. d

COROLLARY 3.7. Under the assumptions of Theorem 3.6, and for an odd value of
k €N, let ue, uo, u; be solutions to (1.34), (1.35), and (3.12), respectively. Then there
exists a constant ¢ > 0, independent of €, such that for every j € {1,...,(k+1)/2}

j—1
i
Ue — E e'u;
i=0

< €& (I fll2@ + lgllmersey) »

H(2)
j—1
ue = 3 et + ed,u; < CeHH (|l + Nglliravie) -
1=0 L2(09)

Proof. The proof is analogous to the one of Corollary 3.5 and therefore we omit
the details. 0

4. The case of mixed boundary conditions. In this section we prove our
main results regarding the higher order I'-limits for the functional F. defined as in
(1.7).

4.1. Preliminary results. Throughout the section 2 is assumed to be as in
the statement of Theorem 1.1. We recall that we use the following notations: given a
function v = v(x), where « = (z,y), we denote by v the function

(4.1) o(r,0) = v(r cosf,rsinh),
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and with a slight abuse of notation we write v = o(r, §). Moreover, we denote by 7(*)
the function

(4.2) 79 (r;,0;) = v(@; + r;(cos b;,sin 6;)),

where the polar coordinates (r;,0;) are as in Theorem 1.1. Furthermore, recall that
@ € C*°([0,00)) is such that @ =1 in [0, p/2] and ¢ = 0 outside [0, p].

PROPOSITION 4.1. Let N = 2, Q be as in Theorem 1.1, f € L*(Q2), g € H?/?(09),
and let ug € H'(Q2) be the solution to (1.1). Then

2 ) P o
[ (Vw0 os foydo= [ aubpant =35 [M ot 500 dr,
Q I'p — 2o

for every 1 € H(Q), where u?eg, ¢i, and @ are given as in Theorem 1.1.

Proof. By Theorem 1.1, given v € H'(Q), we get
(4.3) / Vug - Vi) dx = / Vg - VU da
Q Q

2 L _ _
+) e /O /O ((’%,iSiamw(l)+ri_26915i89iw(’))ridridﬁi.
=1

Since the function u?eg belongs to H?(Q) and satisfies a homogeneous Neumann

boundary condition on I'y, the divergence theorem yields
(4.4) / Vg - Vo da = / —Auppdr + [ OyudeapdH’.
Q Q I'p

To rewrite the second term on the right-hand side of (4.3), we consider the auxiliary
function -

O(ri,0;) = ri0r, Si(ri, 0:)9" (ri, 0:);
indeed, a simple computation shows that ® € W11((0,p) x (0,7)) and thus ®(-,6;)

is absolutely continuous for £-a.e. §; € (0, 7). For any such 6;, by the fundamental
theorem of calculus, we have that

_ _ P _
(45) 0= <I>(p,9i) - @(0,6‘1) = / ({9”(1)(7'1‘,91') dT‘i
0
P _ _ _ .
= / (&18@(1) + 7"1831511/)(1) + rzanSZ@nw(l)) dr;.
0

Similarly, noticing that the function W(r;, 6;) == r; 19, S;(rs, 0;)1 ¥ (rs, ;) belongs to
the space WH1((0, p) x (0,7)), and reasoning as above we find that
1 /9 (s _ _
—5 @)y 200 (1, 0) = T(ri, m) = U4, 0)
89. \TJ(TZ', 01) dﬁz

i

(4.6) -

S5

rrl (ag,igiw + agigiagiw) a6
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holds for £L!-a.e. r; € (0, p). Combining the identities (4.5) and (4.6), we get

™ P _ . _ .
/ / (8“81-8“1#(1)+7'i_289i51-89i¢(1))m dr;db;
0 0
1 P

a _/ g(ri)ry 29D (ry,0) dr;
2 0

T P - B )
o / / ¢(l) (8£1 Sl + Tiilaf’i Sz + r;zagi Sz) T drld&
0 0
1 [? P T oo B
= — 5/ @(T‘i)ri 1/22/](1) (Ti,O) dr; — / / w(l)A(ri,Oi)SiTi drdb;.
0 o Jo

Consequently, the desired formula follows from the previous equality, (4.3), (4.4), and
upon noticing that

2  p
/ f¢ dx = / Au?eg’l/) dx + Z Ci / / ﬁ(Z)A(rl,Gl)gﬂ’z dr;db;.
Q Q = Jo Jo

This concludes the proof. a

In the following theorem we present an estimate that will prove instrumental for
the proofs of our compactness results, namely, Theorems 1.4 and 1.6.

THEOREM 4.2. There exists a constant k such that for any R > 0 and any func-
tion h € HY(B%(0)),

R 1/2 R 1/2
[ o eodr<n (R [ vh@Pdz) se( [h@ord)
0 BF(0) 0

where h(-,0) indicates the trace of h on the positive real axis.
We begin by adapting Theorem 1.9 to our framework.

LEMMA 4.3. There ezists a constant § such that for any R > 0 and any function
h € H'(BE(0)),

2 1 R
/ Mol ge<w </ Vh(z)[? de + —/ h(x,())?dx> ,
B5(0) |2 (1+10g£) B} (0) R Jo

[]

where h(-,0) indicates the trace of h on the positive real axis.

Proof. Since B#(0) is an extension domain, we can find h € H'(Bg(0)) such
that h(z) = h(z) for L%-ae. @ € B} (0) and with the property that
||hHL2(BR(O)) < CthHLz(B;(o))a

HV}ALHLQ(BR(O);R?) < CIHVh”H(Bg(o);W)

for some constant C; > 0 independent of R. Theorem 1.9 applied to the function h
and the previous estimates yield

2 1
M2 ge<c / Vh(@)? de + — / h(x)? de
) B} (0) R JB}0)

1—|—10g|%

/B;(O) |m|2(
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for some constant Co > 0 independent of h and R. By Lemma 2.2, together with a
simple rescaling argument, we deduce that

— h(x)” de < Cj Vh(x)|*dx + —= h(xz,0)* dx
7 [, o)1 <B+(O)| @[ de+ 3 [ h@.0)

R

for some constant C3 > 0, which is again independent of both i and R; this concludes
the proof. 0

Proof of Theorem 4.2. By the fundamental theorem of calculus,

0
h(r,0) = h(r,0) —l—/o dph(r,a) da,

—1/2

and so, multiplying both sides by r and integrating over B} (0), we get

R —
- / r=Y2h(r,0) dr

0

1 T R _ 1 ™ R 0 _
_ ! / / V2R 0) drdd + / / / V20, h(r, ) dadrdd
™ Jo 0 ™ Jo 0 0
™ R s R _ _
_1 / / 2R 0) drd + / / = 0) 1729, (v, 6) drao,
™ Jo Jo o Jo ™

where the last equality follows from Fubini’s theorem. In particular,

R ™ R
(4.7) /r*1/2|h(r,0)|drgl/ / =2\ n(r, 0)| drdf
0 ™ Jo Jo
T R B
+/ / r=Y219ph(r, 0)| drds,
0 0

and thus we proceed to estimate the terms on the right-hand side of (4.7). Passing to
Cartesian coordinates,

T (R _ 1+1 -1
/ / r””lh(r,o)ldrde:/ Ih(z) Atlogk ~logle])
o Jo B} (0) ||

1+log R — log|z|) | |1/2

iy 1/2

< 1/2 ?

< (57R) (~/B+(0) |z (1 + log R — log |z|)” dw) ;
R

where in the last step we have used Holder’s inequality together with the fact that

141 1 2 R
[ el o8l g o n [T (s 0g R - 10g)? dr = 578,
B;(O) |.’1}| 0

Then, from Lemma 4.3 we deduce that

g R
(4.8) / / 12|, 6)| drdf
0 0

R 1/2
< (57R)1/? R/ |Vh(w)|2dw+/ Wz, 0)2dz | .
B} (0) 0
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On the other hand, Holder’s inequality yields

1/2
(4.9) / / r=12|9ph(r, 0)| drdf < <7TR/ / “Y0gh(r,0)? drd@)

1/2
< | 7R |Vh(zx)|? de )
B(0)

and so the desired inequality follows from (4.7), (4.8), and (4.9). 0

4.2. Mixed boundary conditions: I'-convergence of order one. In this
section we prove Theorems 1.4 and 1.5. We recall that we use the notations (4.1) and
(4.2).

Proof of Theorem 1.4. By Corollary 2.4 we have that v, — wup in H'(f2). For
every n € N, let z, € L?(Q) be such that v,, = ug + €,/|logen|z,. Then ]-'5(? (vn)
can be rewritten as

FO(vy,) = + fzn) dm+i/|Vzn| dx + = /F 22 dH?,
D

\/W/ VUO Vzn

and an application of Proposition 4.1 yields

1
FD () = —— ol 2, dH" — / (ri)r z9 (45,0 dr;
En ( ) \/m FD g Z ( )
(4.10) +5—”/ |Vzn|2dw+—/ 22 dH.
2 Q 2 I'p

For n large enough so that 2¢,, < p, we write

p €n
(4.11) / p(r)ry 22 (ry, 0) dr; = / r7 Y250 (1, 0) dr
0 0

p .
’ / pri)ry 122 (ri, 0) dry
€

n

and proceed to estimate both terms on the right-hand side separately. By Theorem 4.2
we obtain

1/2
En .
(4.12) / r;1/2|27(f)(r1-,0)| dr; < kK sn/ |V 2, |? d
0 B., (z:)NQ

en 1/2
+ K (/ 27(11) (74, 0) drl> ,
0

while by Hoélder’s inequality we get

1/2

P
(4.13) / S )T 2129 vy, 0)] drs < /Tog p F [ToB 0] (/ 20 (14,0 )Zdn-)

n

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/30/19 to 195.113.31.3. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

GAMMA-LIMITS FOR DIRICHLET-NEUMANN PROBLEMS 3357
Consequently, from (4.10), (4.12), and (4.13) we deduce that

|cilk
2¢/|logen|

|0, ulegllL2rpy el (k + \/log p + |logen])
- + lznllz2(rp),

v/ |logen| 2/|log ey

and so (1.11) and (1.12) are proved at once. O

Proof of Theorem 1.5.

Step 1. Let e, — 07 and {v,}, be a sequence of functions in L?*() such that
v, — v in L?(£2). Reasoning as in the proof of Theorem 1.3, we can assume without
loss of generality that

1 1
FD(vn) > gHan%z(rD) + §||8111/2V2n”%2(9;u{2) - 1€Y/2V 2 || L2 k2

tim nf 750 () = Jim FED (o) < 00

In particular, ]-"5(,{) (vp) < oo for every n sufficiently large. Let {vy, }r be a subsequence
of {v,}n given as in Theorem 1.4 and define

(4.14) gq(li)(ri) — G Sy 2

3(r)r:
2\/|1ogan|w( )

Arguing as in the proof of Theorem 1.4 (see (4.10) and (4.12)) we arrive at

1 100 Uregll 22 (0 ) eil
./_‘.E(ii (vnk) 2 5”27’%”%2(FD) - ( £ = + | HanHLz(FD)

v |logen, | 2./|logen,

lc;i |k
- \/“77” enl?Vom, L2 (@re) + _H61/2vznkHL2 (R?)
(4.15) —Z " E0 ()20 (4, 0) di.
Eny,
Then, as k — oo, we have
M it S 7 (00 07— £ (20
hkrglnf]: ' (Uny) > hkrgg.}f;/snk (§znlk (ri,0)% — €D (r;)20) (ri,O)) dr;

) (Ti))z — &0 (r:)? dﬁ}

I
=
18
-
8B
=,
|
\-Mw
0\
Ao
| —— |
Wy
=
—
3
S
(=)
N—
|
78}
=

(4.16)

Y,

|

|
1B
8E

=8
ON
3 N

”‘l

S\

&

3

1 2. . 1 ? — —1
— = c¢liminf ——— @(ri)?rtdr;
8 ; k—oo |logen,| /o,
2 2
1 1 1
— = 11m1nf7(logp+|logsnk|):—gz:cf,

8 ) k—o0 |1 nk| oy

Y

where in the second to last step we have used (4.14).
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Step 2. For every v € L2(2) \ {uo}, the constant sequence v, = v is a recov-
ery sequence. Then let v = up and consider the radial function (;, given in polar
coordinates at x; by

(4.17) i) = €00 (1= (L) ).

n

where f,(f) is the function defined in (4.14). We define

in(x) if £ € By(x;) NQ with r < p,
(4.18) (@) = Gin(@) (@:) p

0 otherwise.

()=o) (1= (L)),

then ¥, ,,: RT — [0, 1] and satisfies

Notice that if we let

=1 ife, <r; <p/2,

=0 if0<r;<e,/20rp<r,
(4.19)
|SEL ifsn/2§rz‘§€n7

|<c ifp/2<r <p

for some constant ¢ > 0 independent of n. Finally, set

Up = ug + Eny/| logen|zn.

Notice that v, — ug in L?(2) since the sequence {z,}, is uniformly bounded in
L?(2), indeed

2

2 o 2
/Zﬁdwgz G r;ldri:W(Ing+|10gEn|+10g2)Zc
Q2 i=1

2
— 4llogen| Je, /o 4|log e, | ’

K2

Next, we claim that ey 2Vz, — 0 in L2(Q; R?). Indeed, using the notation above we
have that .

x i - ~1/2

Cim(ri) = 27‘1’1‘,11(72‘)7} /

v/ |logen|

and, therefore,

2 2
En i
En |Vzn|2 dr = E v
/Q |logen| \ = 4

En 2 2 P 1 -
(420) < — Z 12 / (\I/;)n(Ti)Q + Zri2\11i7”(ri)2> dTi.
0

= |logen| \ =

From (4.19) we see that

P En P 1
(4.21) / \I/; n(ri)z d’l"i = / \I/; n(ri)z d’l“i + / \I/;_n(Ti)2 dTi S 02 <— + B)
0 ' en/2 /2 2en, 2
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and

P _ag P 2 1
(4.22) / 72 W (ry)? dry < / r2dry = — — ~.
0 €

n/2 En 1Y

Combining (4.20) with the estimates (4.21) and (4.22) we obtain

€ > 2 c? cp 1 1
4.2 nl?de < —2— ¢ - 4y - -
(4.23) /IVz ?dz < Tog ] Z 5 (2€n 5t 4p) -0

and the claim is proved. From (4.10), using (4.11), (4.12), (4.13), and (4.14) we have

1
FE o) < Fllenll e
Hal/ugegHLz(FD) |ci|/<; 1 12 )
+ “n + 5llen " Van .
( [Tog en| 2/[Tog 2] lznllL2(rp) 2|| 72 (m2)
lcilk

24/|logen|

By (4.23) we have that the second, third, and fourth member on the right-hand side
of the previous inequality vanish as n — oo. Since @ (E%Ti) = 0 for r; € [en, pl, by
(4.14) and (4.17),

(4.25) Gin(ri) = &P (ri)  for ri € [en, pl-
Consequently, from (4.14), (4.25), (4.18), and the fact that ¢ =1 in [0, p/2],

2
(4.24) + lex/*VanllL2(@me) — Z/ ED ()i (r3) dri.
i=17en

2
. , 1 P
hgs;pféi) (vp) < 1171111_>SOL<1)p {§|Z77’|%2(FD) - Z/ 57(1)(”)@7”(741_)617“1,}
= limsu i,m rz (i T3 )Gin T d’r‘Z
Mop;/(c s()<<>)
4.26 = limsu —_ (1
( ) 7L—>OOp.Z / 6
= Zc liminf —— ! //2 ~1 dr'+/p @(ri)?r;tdr;
- n—oo |10g5n| 1 ® p/2 K3 [3 (3
1 2
= - g ; C;.
The energy expansion (1.14) follows from Theorem 1.2 in [2]. 0

4.3. An auxiliary variational problem. In this section we study the func-
tional

Ji(w) = /R2 |Vw(x)|? de + /01 (w(x,0)2 - cia:—l/Qw(x,O)) dx

1
+ /100 (w(a:,()) - %x_l/Q)Z dx
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defined in
H:={we H. (R%): w e H'(B}(0)) for every R > 0},

where w(+, 0) indicates the trace of w on the positive real axis. This functional appears
in the characterization of the second order I'-convergence of F. (see (1.15), (1.16),
(1.17), and Theorems 1.6 and 1.7).

PROPOSITION 4.4. Let J; and H be given as above. Then
A =inf{TJ(w):we H} €R

and there exists w; € H such that J;(w;) = A;. Furthermore, w; is a weak solution
to the mized problem (1.21).

Proof. Let v be the function given in polar coordinates by

Ci

o(r,0) = 27

% r ifr<land0<6<m,

ifr>1land 0<6<m,

where (r,6) are polar coordinates centered at the origin of R? and such that the set
{(r,0) : # > 0} coincides with the positive real axis. Then v € H and J;(v) < oo;
indeed

Ti(v) :/Oﬂ /Ooor(aw)?drdmfol (5(r,0) — et (r, 0)) dr = @

In turn, this implies that A; < oco. On the other hand, by Theorem 4.2, we see that

for every w € H,
1/2
|Vwl? dm)
(0)
1/2

Ji(w) > /R2 |Vw(z)|? de + /01 w(z,0)? de — |ci|k </B+
— leilk (/01 w(z,0)? dx) / + /100 (w(x,O) - %x’lﬂ)z dx,

1
and so A; > —oo. Furthermore, we deduce that for an infimizing sequence it must be
the case that (eventually extracting a subsequence which we don’t relabel)

Vw, = Vw in L*(R%;R?),
wy(+,0) = w(-,0) in L2((0,1) x {0}),
w,0) = Fat = w(,0) = Fa7tin L((1,00) x {0))

for some w € H, where wy(-,0) and w(-,0) indicate the trace of w, and w on the
positive real axis. To conclude, it is enough to show that J; is lower semicontinuous
for sequences converging as above. The lower semicontinuity is certainly true for the
nonnegative terms in J;, thanks to Fatou’s lemma. In order to pass to the limit in the
remaining term we can argue as follows. First, we observe that by Lemma 2.2 {wy, },,
in bounded in H'(B;{ (0)) and in particular in H/2((0,1) x {0}). Next, we recall
that H'/2((0,1) x {0}) embeds continuously into LP((0,1) x {0}) for every p € [1,00).
Consequently, up to the extraction of a further subsequence, we can assume that
wy, — w in LP((0,1) x {0}), p > 2. Therefore, we deduce that

1 1
liminf/ a:_l/an(a:,O)dx:/ 272w (x,0) da.
0 0

n—r oo
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This proves the existence of a global minimizer of 7; in H. The rest of the proposition
follows by considering variations of the functional 7;; we omit the details. d

We remark that w; doesn’t necessarily belong to the space Lz(Ri), unless ¢; = 0,
in which case w; = 0. In the following lemma we prove an estimate on the L?-norm of
global minimizers in an annulus that escapes to infinity. This estimate will be crucial
for the construction of the recovery sequence for ug in the proof of Theorem 1.7.

LEMMA 4.5. Let €, — 0" and w; be given as in Proposition 4.4. Then

si/ w? dx — 0
Bf, (O\B;,_ (0)

p/en p/2en
as n — 00.

Proof. By applying Lemma 2.2 and by a rescaling argument in B (0) \ Bf/Q(O)
we can deduce that there exists a constant ¢, independent of n, such that

/ w? dx
BY, . (O\B}, (0)

p/en
c /
-2
(5 Bt

p/en (0)\B:/25n (0)

p/en

IN

|Vw|? dz + 5n/
p/2en

w(z,0)? d;v)

(0) \ BF.,_(0)). If we apply the previous inequality to

1t
for every w € H (B /26

NTp/en
w = £, w; we obtain

si/ w? de
Bf,_ (O\B],_ (0)

plen

p/en

<c </ |Vw; | dx + an/ w; (z,0)? d;v) .
B, (0\BJ,. (0) p/2n

p/en

The first term on the right-hand side vanishes as n — oo since Vw; € L?(R%;R?),
and the second term is shown to vanish by the following computation:

plen p/en s 2 o/en 2
an/ w(z,0)*dr < 2£n/ (wi(x, 0) — —fol/z) dx + 25n/ —dx
p/2en p/2en 2 p/2en €z
p/en i 2
= 28n/ (wl(a:, 0) — —x_l/z) dr + 2eplog2 — 0
p/2en 2
since w;(+,0) — $2~'/2 € L?((1,00)). This concludes the proof. O

4.4. Mixed boundary conditions: I'-convergence of order two. In this
section we prove Theorems 1.6 and 1.7. We recall that we use the notations (4.1) and
(4.2).

Proof of Theorem 1.6.
Step 1. By Corollary 2.4 we have that w, — ug in H'(Q). For every n € N, let
sp € L2(Q) be such that

(4.27) Wy, = Ug + /EnSn-
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Then, by (1.7), (1.8), (1.10), (1.13), and (1.23), F<* (w,) can be rewritten as

1
VEn

2
1 1 |loge,|
Vsn|?d 2d . 75 2
2/| o m+28 /FD [ 8 i:lcw

and an application of Proposition 4.1 yields

1 C;
]:(2)(wn) — Al s, dH' — Z : / (ri)r (Tz 0) dr;
Ven \Jp, e ’

1 1 |loge,|
Vs,|?d s2dHt + = 2,
2/| Sn w+2€ /FD H + 5 ;cl

Using the fact that |loge,| = f " rlar, grouping together the different contributions
onT'pNB., (x;), TpN(B (scz)\Bsn (xi)), and I'p\ B, (;), and completing the squares
we obtain

-7:5(5) (wn) =

/ (Vug - Vs, + fsy) dx
Q

FED (wn)
- Z{ / (M + 0, ul, ()(r» 0) — 290(7“)7“»_1/2>2 dri + By nci + Cyc?
2 NG VUreg (T, 5 Pri)r; i T Binci + Cpc;
+ /Osn (8 ui)eg(i) (7“1-,0)7853)5%’0) - %T;1/2 5531%, 0, Sg)g;: 0)2> dm}

oo (G5 T 00) 003 1
+ = + 8 ure dH™ — = 8 Upe, dH
2 I'p\U, Bo(=:) Ven ¢ 2 I'p\U; Bsn(mi)( g)

/ |Vs,|? de,

where
L[’ ~1/25—5—)
(4.28) B, = 5/ @(ri)ry "0 Ul (14, 0) dri,
En
and Cy, is given as in (1.19). Setting
(429) Zp = Sp — V/EnlUa,
where u; is the solution to (1.22), and using the fact that u; = —9, ureg on I'p we
can rewrite the previous expression as
(4.30)
]:s(z)(wn)
2 _(3) 2
1 [Pz (ri,0) ¢ ~1/2 2
= - = — — (), dr; + B; nci + Coc;
{3 [ (B - G0 s m v

1 e (29 (rs,0)2 1225 (ri,0 1 2
N / MG LI GTUR +_/ gy
0 En En 2 I'p\U; By (i) En

1
/ (8 ureg) d’H1+§/ IV (2, + Enui)|? de.
Q
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Notice that all the terms in the previous expression are either positive or independent

of n, with the only exception being B; ,c¢;, which converges to B,c;, and the fourth
term on the right-hand side. However, by an application of Theorem 4.2 we get

En E(i)(r' 0) 1/2
—/ ciri_l/zniz’dri > —|eilk / |V 2, |? dx
0 Ven BZ, (z:)
e 5D 2 1/2
. |Ci|,‘<& (/ Zn (T‘l,O) dn) 7
0 En

and thus (1.25) and (1.26) are proved at once.
Step 2. Let W; ,, be as in (1.24). Then

(431) Wi,n (Ti, 91) e @(Enm)zg) (6,17“1', 01)

by (4.27) and (4.29), and thus by a change of variables and the fact that @ =1 in
[0,p/2], if en < p/2,

1
/ (Wi,n(sa 0)2 - 01571/2Wi)n(8, 0)) ds
0

en (5@ (. )2 Oy
:/ (Zn (7'1,0) _Ciri_l/2zn (T170)> dT‘i.
0 En En
Similarly, for every R > 1 and for every n such that ¢, R < p/2, we have
R, , 2 enR (50 () , 2
/ (Win(s5,0) = 557172) " ds = / (M - ﬂrf”) dr;,
1 ’ 2 en Ven 2

/ |vwi,n|2dy=/ V20 2 da.
B} (0) BY p(@0)

Hence, in view of (4.30),

1t _
M > .7-"5(3) (wy) > Z {5 /0 (Wm(s, 0)2 - cisfl/sz(s, 0)) ds + Bj nci + Cs(,cl2
i=1

1 [B, ; 2 1
(4.32) ¥z / (WM(S,O)— 0—5—1/2) ds + = / VWi |? dy
2 1 2 2 BE(O)

— 5/ (8,,u?eg)2 dH' + \/E_n/ Vz, - Vuy de.
I'o Q

Since {Vz,}, is bounded in L?*(;R?) (see (1.25)), it follows that
1 — —
/ VW, % dy +/ (Wion(5,0)2 = 151 /2Wi(s,0)) ds
Bt (0) 0

R, ¢ 2
—|—/ (Wm(s,O) - 5571/2) ds <c
1

for some constant ¢ > 0 independent of n and R. To conclude, it is enough to send
R — oo. a
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Proof of Theorem 1.7.

Step 1. Let &, — 0% and {w,}, be a sequence of functions in L?(Q) such that
wy, — w in L?(Q2). Reasoning as in the proof of Theorem 1.3, we can assume without
loss of generality that

lim inf F(? )( n) = lim FG )( n) < 00.

n—oo n— oo
In particular, .7-' (wn) < oo for every n sufficiently large. Let {wy,, }x be the sub-
sequence of {wn}n given in Theorem 1.6 and for every k € N let z,, be such that
Wn,, = U0 + /By Zny, + Enu1. Let Wi, be given as in (4.31), then by (4.30), taking
n = ng in (4.32) and letting k — 0, we obtain

hmlnf]-'( (wnk)f { /
=1

Wi(s,0)? — cis ™2 Wi(s, O)) ds + Bici + Cyc?

(
(e

o _ 1
(5,0) — & 1/2) ds + = VW2 dy
2 JB}(0)
1
——/ (0, umg) dH*,
2 Jr,

where we have used (1.27), (1.28), (1.29), and the fact that {Vz,}, is bounded in
L*(Q;R%) (see (1.25)). By letting R — oo in the previous inequality we get

2
hmlnf]-'( (w )—kliﬁngo.7-'€(2 W, ) Z{ +Bcl—|—C c; }

n—oo

1
-3 /F (Byuly)” dH! > Fa(w),
D

where in the last step we used the fact that J7;(W;) > A;.
Step 2. For every w € L?(Q2) \ {uo}, the constant sequence w,, = w is a recovery
sequence. On the other hand, if w = uy, let w; € H be given as in Proposition 4.4.

Let z, be the function defined in B,(x;) N Q using polar coordinates around x; (see
(4.2)) via

(4.33) 20 (ri, 0;) = @(ri) W, (g_i’oi)

and z,(x) = 0in Q\ J7_, B,(z;). Set
Wy, = Uo + /Enzn + EnU.

We claim that {w,}, is a recovery sequence for ug. To prove the claim, we notice
that (4.30) implies

lim sup]-"a(i) (wp,)

n—oo
L [ (Wi(ri/en,0)? - Wi(r;/en,
S { imapd [ (PO 0 g
° 2 0 En \/5

1 14 i n,O ’ 2
(4.34) +Cpc? + hqrznjo%p 3 /En 0i(r)? (% _ %T1/2) dr}

1
- 5/ (9, rog) dH' + limsup - / |V (2n + VEnui)| de.
T'p Q

n—oo
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Letting r = se,,, we obtain

(4.35) /:n (%?0)2 - cwflm%) dr;

= /01 (W (5,0)% — cis_l/QWi(s,O)) ds

and, similarly,

p/en B _ 9
(4.30) = [ e (Wil 0) - G702 as
1 2

Next, we compute the contribution to the energy coming from the gradient term.
Since @ = 0 outside of [0, p], by (4.33) we have

/|Vzn| da — Z/pm V202 do
Z/ / [ (ri)Wi(ri/en, z)))2+%¢(n) (0, Wi(ri/en, l)f] dr;db;.

We write
T rp B
/ / T (8” (gpi(ri)Wi(ri/an,Gi))z drldﬁl
0 0
T rp _ 1 _ 2
= / / i <<p;(7’i)Wi(7’i/6n, 01) + @i(ri)e—GTiWi(m/sn, 01))> dr;db;.
0 0 n

Expanding the square on the right-hand side of the previous identity we obtain three
terms, which we study separately. By the change of variables s = r;/e,, we obtain

/sn
/ / TZQO Tz ’f’z/é'n, z d’rzde = / / SEnﬁpZ SEn) i(S,Gi)Q drd6‘l

c p/en _
< —/ / se2Wi(s, 0;)? dsdf; — 0,
PJo Jpj2e,

where in the last step we have used Lemma 4.5. Similarly,

T rp/en -
/ / S@(San)Q(asWi(S, 01))2 deGZ
0 0

T rp/en
/ / s(@SWi(s,Hi))Q dsdGi.
0 0

//mgp ri)Wi(7i /€0, 03)@(r:)0r, Wi(7i /e, 0;) dridf; — O

1 T -
— / / Ti@(’l"i)Q(ariWi(Ti/é‘n,oi))Z dr;d0;
€ Jo Jo

IN

In turn, Holder’s inequality implies that
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as n — co. The same change of variables s = r; /e, also yields

o(ri) plen 1 2
/ / . (8 Wi(ri/en, 6;) drldO = / / —<p S€n) (39 Vi(s,0;))* dsdb;
plen q _
< / / L (09, Wi (s, 0:))2 dsdb.
o Jo s

Thus

n—oo

2
(4.37) hmsup/ |V (20 + vEnuy)|? de < limsup/ |V2,|? dz < Z/ VW, |? dz,
n—oo 0 ) ]Ri

which, together with (4.34), (4.35), and (4.36), concludes the proof of the I'-limsup
inequality.
The energy expansion (1.30) follows from Theorem 1.2 in [2]. 0
4.5. Sharp estimates.

Proof of Theorem 1.8. Suppose by contradiction that (1.31) is not true. Then
there exists a sequence &, — 0" such that

(4.38) e, — ol z2rp) > n (sm/| 10g5n|)

for every n € N. In view of (1.14), we have that
sup{}'a(i)(ugn) :n € N} < oo,

and thus by Theorem 1.4 there exist a subsequence {u.,, }x of {uc, }n and vo € L*(T'p)
such that
Ue,, — UO

n

eny/|logen|

which is in contradiction to (4.38).
The proof of (1.32) follows analogously from (1.25) and (1.30). O

— g,

5. More general I'-convergence results. Our results can be recast in a more
general framework by decoupling the different scales in the asymptotic expansion of u..
Here we present in full detail the generalizations of Theorems 1.5 and 1.7; the results
of section 3 can be analogously reformulated. Throughout the section we assume that
the domain 2 is given as in Theorem 1.1 and use the notations introduced in (4.1)
and (4.2).

THEOREM 5.1. Under the assumptions of Theorem 1.4, let
KM L2(Q) x L2(Tp) = R

be defined via

E(l)(u) if u € HY(Q) and a\;l_lu—gal =wv on p,

(5.1) KD (u,v) =
+00 otherwise.
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Then the family {Kgl)}s I'-converges in L?(Q) x L?(T'p) to the functional

2
1 / 2 011 2 2
= UdH——E ¢; ifu=wg andv e L*(T'p),
Ki(u,v) ={ 2 Jrp 8~
+o0 otherwise,

where the coefficients ¢; are as in Theorem 1.1.
Proof.

Step 1: (compactness). Let e, — 0% and (u,,v,) € L?(Q) x L?(T'p) such that
sup{ICg)(un,vn) :n € N} < oo.
Then by (5.1), u, € H'(£2), the function

o = im0

" eny/|logen|

belongs to H!(£2) and satisfies v} = v,, on I'p in the sense of traces. By Theorem 1.4,
there exist a subsequence {un, . of {tun}n, 7 € HY(Q2), and v € L?(I'p) such that
e?Vur —r in HY(Q),
Up, = v in L*(I'p).
Step 2: (liminf inequality). Let e, — 07 and {(uy, v,)}n be a sequence in L?() x

L?*(T'p) such that (un,v,) — (u,v). Reasoning as in the proof of Theorem 1.3, we
can assume without loss of generality that

lim inf KD (wn, v,) = lim_ KD (uy, 0,) < 0.

In particular, ICS} (un,vn) < oo for every n sufﬁciently large. Let {up, }r be the
subsequence of {uy}, given as in the previous step and &, be the function defined in
polar coordinates as in (4.14). Then

liminf K (up, , vn, ) = liminf FO (u,, )
k—o0 "k k—o00 g

and so, reasoning as in the proof of Theorem 1.5 (by (4.15) and (4.16) with v,, and

2n,, replaced by u,, and v}, , respectively), we obtain

lim infKCL) (wny, vy )

k—oco
1
> liminf { = / vl dH' - / Uy (&, +60,) dH!
k—o00 2 'p FD\UiBink(mi)

1
> lim inf [—vik — U (&, + 53,)] A’
F=o Jrp\U, Bey, (@) L2
.1 2
~timint [ (0 =1, —€2)" = (€7 = (&2,0?] an!
koo Ip\U; Be,,, (i)

2
1/ 2 1 1 2
> — VAdHT — = g C; :Kl(anv)a
2 T'p 8121
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where in the last step we have used the fact that v,, — v, £, — 0in L?*(I'p), and so

lim inf (0n — €L —€2)" dH* > / v dH.

k Tk
7 JIp\U; Bey, (24) I'p

Step 3: (limsup inequality). Let u = ug and v € L?(T'p). We extend v to zero in
00\ T'p and assume first that v € H/2(9Q) (in what follows, although with a slight
abuse of notation, we identify v with its extension). Then there exists v* € H(Q)
such that v* = v on 99 in the sense of traces (see Theorem 18.40 in [23]). Set

Up = g + en/|logen|(zn +07),

where z, is defined as in (4.18). As one can check (see (4.24) and (4.26)),
{(tn, zn + v*)}n is a recovery sequence for (ug,v).

If v € L2(09Q) \ HY/?(9Q) we consider a sequence {v, },, of functions in H/2(9€)
such that
(52) HUTL_U”L2(8Q) —0 as n — oo
and, for every n € N, we let v} € HY(Q) be such that v} = v, on 9Q and
(5.3) vnll 2 ) < cllvnll mzoa),

where ¢ > 0 is independent of n (see Theorem 18.40 in [23]). Furthermore, notice
that by a standard mollification argument we can also assume that

(54) ||81ll/2’Un||H1/2(aQ) —0 as n — o0.
Set
Up = Uy + En/ |logen|(2zn + v))
and notice that by (5.3) and (5.4), |\6}/2V(zn +v5)ll 22y — 0 as n — co. Thus,
we can proceed as in (4.24) and (4.26). O

THEOREM 5.2. Under the assumptions of Theorem 1.6, let
KO): L2(Q) x L (B2) x L(R2) x L, () —» E
be defined via
(5.5) K3 (u, v1,v2, w) = F2(u)
if

u—ug —euy = \eVie in QN By(x;),
(5.6) oo © o)

U— Uy — U = EW on I'p \ Be(x;),
where the functions V; . are defined in polar coordinates by

(5.7) Vie(ri, 0:) = 1; (%,91) ;
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and ng)(u,vl,vg,w) = 400 otherwise. Then the family {Kg)}s I-converges in
L*(Q) x LE (R2) x L} (R%) x L (I'p) to the functional

loc

1
’Cg(u, U1, V2, w) = Z |:§Z(Uz) + Bic; + C¢C?:|

=1

5 2
1 2
+ 3 /FD (w - E Cﬂﬁi) - (Byuroeg) dH!

i=1

if u = ug, v1,v2 € H, U’_Z?:l ci; € L3(T'p), and Ka(u, v1,ve, w) == 400 otherwise,
where B; and Cy, are defined as in (1.18) and (1.19), respectively.

Proof.

Step 1: (liminf inequality). Let &, — 07 and {(un,v1,n,V2n, Wn)}n be a se-
quence in L*(Q) x L (R3) x L (R%) x L2 ('p) such that (un,vin, Von, wy) —
(u,v1,v2,w). Let up == (up, V1,0, V2,n, Wy). Reasoning as in the proof of Theorem 1.3,
we can assume without loss of generality that

lim inf K@ (u,) = lim_ K@ (u,) < cc.
In particular, ICgi) (u,) < oo for every n sufficiently large. Let {uy, }x be the subse-
quence of {uy },, given as in Theorem 1.6. By (4.30) (with w, replaced by uy, ), (5.5),
(5.6), and (5.7) it follows that for every e, < d < p,

2 L[ (i (rifen,,0) ¢ —1/2 ? 5
’Cfsn)k (un,) = Z B / E——— 5@(72‘)7} dr; + B; n, ;i + Copc;
; e

i=1 k Eng

L1 / (vmm/fsnk,of _Cl_ril/gvi,n,c<m/an,c,o>> dm}
2 0 Enk Enk
1 2 ’ 1

2
(5.8) + = / W, — Y ity | dHP — = / (Ould,)” aH'

2 Jro\U, Bseo \ ; 2 Jrp )
1

+ g [ IV, — o),

where B; ,, is defined as in (4.28). Arguing as in the first step of the proof of
Theorem 1.7, we arrive at

1
lim inf Kéi)k (Un,,) > Z |:§\7z(vz) + Bic; + C«pczz:|

5 2
1/ 1 1/ 0 \2 1
+ = w — c; | dHT — = (8,,ure ) dH".
2 I'p\U; Bs(x:) < ; ) 2 Jrp )

To conclude the proof of the liminf inequality it is enough to let § — 0F.
Step 2: (limsup inequality). Let (ug,v1,v2,w) be such that Ko (ug, v1,v2, w) < oo.
We assume first that there exists 0 < § < p/2 such that

(5.9) we HY? <FD \ U 35/4(1'1')) ;

i=1
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and we extend it to a function in H/2(9Q) (in what follows, although with a slight
abuse of notation, we identify w with its extension). Then there exists w* € H(Q)
such that w* = w on 0N in the sense of traces (see Theorem 18.40 in [23]). Set

Up = Ug + EnlU1 + /EnZn,

where Z,, is given in polar coordinate at x; by

28 (r:,9,) ::w(%”)”(_ )+V— (12 (55m)) w000,

and Z, = /gow* in Q\ U?Zl B,(x;). We claim that {wy},, defined from {un}n
via (5.6) and (5.7), is a recovery sequence for (ug,v1,vs,w). Using the fact that
@ (&r;) =1 for r; < § and the change of variables &,5 = r; (see also (4.35), (4.36),
and (4.37)), we get

En Zy(:) i 2 _ Z(l .
Ji(v;) > limsup / |VZn|2 dx —|—/ M —cr; 1/2 (r ,0) dr;
n—oo B(S(iti) 0 En \/_

(l)(r 0) ¢ 1 ’
Zn o) Gign. "2 g
—I—/En( = 2@(7‘1)7“1 rip.

In turn, it follows from (5.8) that

2

hmsupIC Z{ —|—Bcz—|—Cc}

n—oo

2
1
(5.10) —|—limsup—/ ey | dH?
n—oo 2.Jrp\U, Bs:) \ VE ;

1

1 1
- = / (0v mg) dH! + limsup = / IV (Z,, + /Enu)|? dz.
2Jrp 2 Jawu, Bs (@)

n—00

By the convexity of the square function we have

2 ()(r» 0) o 1 ?
n 2] i —1/2
- 7 Y d i
/ ( ) Sty
< /26 ¢ (ﬁn) ('Di(’r'i/gn70) — 2@(7}')7{1/2)2 dr;
5 26 2

2 Ci _ -1/2
[0 ) (o ot

and, therefore, since J;(v;) < oo,

26 Z(i)(r- 0) o 1/2 ? 2 Ci -1/2
1 3 Zn Vo) 2 S B . < - .
117rln bup/é NG 5 o(ri)r; dr; < /5 (w 5 “o(ri)r; ) dr;

In addition, using the fact that ¢ (&r;) = 0 for 7; > 26, we obtain
2

7 2 2 2
= Cﬂﬁi dHl = / w — Cﬂﬁi dHl
/FD\ui Bas(w:) <\/§ ; ) Tp\U, Bas () < ;
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We now observe that the result of Lemma 4.5 straightforwardly extends to every
v; € H such that J;(v;) < oco. Consequently, we can argue as in the second step of
the proof of Theorem 1.7 to deduce that

n—00

1
limsup—/ \V(Zn + Enu1)|? de = 0.
NU; Bs(z:)

This concludes the proof of the limsup inequality under the assumption that (5.9) is
satisfied.

If on the other hand

2
we¢ H'V? [ Tp\ U Bsa(xi)
i=1

for any 0 > 0, we reproduce the mollification argument in (5.2)—(5.4) and proceed as
before. 0
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